Abstract-We design feedback controllers for two species chemostats so that an equilibrium with arbitrary prescribed positive species concentrations becomes globally asymptotically stable. We use a new global explicit strict Lyapunov function construction, which allows us to quantify the effects of disturbances using the input-to-state stability paradigm. We assume that only a linear combination of the species concentrations is known. We illustrate our approach using a numerical example.
I. INTRODUCTION
T HIS work continues our search, (begun in [10] , [11] ), for ways to stabilize prescribed equilibrium behaviors in chemostats. See [2] , [4] , [12] for the fundamental role of chemostats in bioengineering. The basic model for a well mixed chemostat with two competing species is 
evolving on X := (0; 1)
3 [12, Chapter 1] . Here s(t) is the concentration of the substrate; X 1 (t) and X 2 (t) are the concentrations of the two species of organism; the dilution rate D(1) and the input nutrient concentration s in (1) are controllers that we will specify; 1 and 2 are given uptake functions; and Y 1 and Y 2 are positive constants called yield coefficients. We assume throughout that the i's have the Monod form
where K i and L i are positive constants we indicate below. Since D is the ratio of the volumetric flow rate, (with units of volume over time), to the constant reactor volume, it is proportional to the speed of the pump that supplies the reactor with fresh medium containing the nutrient. The competitive exclusion principle implies that in classical chemostats with one limiting substrate and constant D and s in , at most one species can survive generically [12] . This is at odds with the observation that in real ecological systems, it is common for many species to coexist in equilibrium on one limiting nutrient. This paradox has motivated a great deal of research [4] , [6] . Also, the species concentrations may not be available for measurement, and there may M. Malisoff is with the Department of Mathematics, Louisiana State University, Baton Rouge, LA 70803-4918 USA (e-mail: malisoff@lsu.edu).
J. Harmand is with INRA, UR050, Laboratoire de Biotechnologie de l'Environnement, Narbonne F-11100, France (e-mail: harmand@supagro.inra.fr).
Color versions of one or more of the figures in this technical note are available online at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TAC. 2008.2010964 be actuator errors caused e.g. by variability in the speed of the pump supplying the fresh nutrient. Hence, it is important to quantify the robustness of any stabilizer to uncertainty. This work addresses all of these issues by designing sin and D(1), depending only on a linear combination Y = X 1 + AX 2 of the species concentrations, (where A is a given positive constant), that globally stabilize an equilibrium with arbitrary positive prescribed species concentrations. The design of stabilizing feedbacks depending only on a (weighted) sum of the species concentrations is motivated by applications where photometric methods preclude the possibility of separately measuring the individual species levels [4] . Another important feature is that our new construction for an explicit multi-species chemostat strict Lyapunov function makes it possible to quantify the effects of disturbances using integral input-to-state stability (iISS) and input-to-state stability (ISS) [13] ; see [3] , [14] for the essential role of (i)ISS in nonlinear control and applications. Our explicit Lyapunov function is a significant and original theoretical development.
II. ASSUMPTIONS AND STABILITY THEOREM
Set (s) = 2(s) 0 1(s). We always assume:
There is a constant s ? > 0 such that 1) (s ? ) = 0, 2) (s) < 0 when 0 < s < s ? , and 3) (s) > 0 when s > s ? . In particular, 1(s?) = 2(s?).
Simple calculations and our Assumption 1 readily yield
, and L2 > L1. We transform (1) with the output Y = X1 + AX2, using x1 = X1=Y1 and x 2 = X 2 =Y 2 to obtain 
We always assume that a 6 = 1. Given arbitrary prescribed constraints 
for i = 1,2. For each trajectory (s; x 1 ; x 2 )(t) of (4), we call the vector (6; 1 ; 2 )(t) as defined by (7) (4) in closed loop with s in and D, the corresponding transformed error vector (6; 1 ; 2 )(t) from (7) satisfies j(6;1;2)(t)j (j(6;1;2)(0)j; t) for all t 0. 
for i = 1 and 2, where we used (7). We show that (9) is iISS [14] in the variable (6;1;2) from (7) above for disturbances d 2 D 2 ( 1) when 1 is defined in (12) , in the sense that there exist 2 K 1 and 2 KL so that for all d 2 D 2 ( 1) and all corresponding closed-loop trajectories (s(t);x1(t);x2(t)) of (9) for our controllers D and s in for all initial values, the corresponding transformed error vector (6(t); 1 (t); 2 (t)) satisfies (6;1;2)(t) (6;1;2)(0) ; t
We also show that (9) ) and all closed-loop trajectories (s;x1;x2)(t) of (9) See also Remarks 2-4 for ISS and related results with less stringent disturbance bounds.
IV. COMPARISON WITH KNOWN RESULTS
Lyapunov functions have not frequently been used to study stability in multi-species chemostats, and where they are used, they are often nonstrict Lyapunov functions which do not lend themselves to robustness analysis. An exception is the one from [8] ; see also [12, Theorem 4 .1] and [7] . Strict Lyapunov functions for two species chemostats were constructed in [11] , but no robustness to disturbances was established there. However, [11] provides simple linear feedback stabilizers that yield local asymptotic stability of a prescribed periodic trajectory. See [9] , [15] where weak Lyapunov functions are used with variants of the LaSalle Invariance Principle.
This raises the important question of whether strict Lyapunov functions can be explicitly constructed for multi-species chemostats that are globally stabilized through static output feedbacks, and whether Lyapunov functions can be used to quantify the effects of uncertainty. For chemostats with one species that are made oscillating through a suitable D(1), this problem was solved in [10] . Our work owes a great deal to [4] , [5] , which stabilize chemostats in which only the sum of the species concentrations can be measured, using an appropriate D. However, [4] and [5] do not include our work since [4] does not rely on a Lyapunov approach and the Lyapunov functions from [5] are nonstrict and so do not lend themselves to ISS. See [6] for results where only the substrate level (multiplied by an a priori bounded error) is available for measurement.
V. PROOF OF THEOREM 1
Since D ? = 1 (s ? ) = 2 (s ? ), the change of feedback D = D ? +v, (3) with the choice r = s?, and (7) transform (4) 
A. Step 1: Construction of a Weak Lyapunov Function
We first show that in terms of (10)
is a weak Lyapunov function for (13) 
where V is from (14) . We show that V 2 is a strict Lyapunov function for (13) in the sense that its time derivative along the trajectories of (13) with v = 0"(a 0 1)(ỹ) satisfies 
Since " ! 2 and j(1)j is bounded by 1, we get 0(s 
where we used the relations (7). Rearranging terms in (9) and again using (7) gives 
by (19). In terms of (7) the chemostat with fresh nutrient is subjected to small fluctuations [10] .
When d1 = 0, If instead the disturbance is only added to s in , then we can use (34) to get robustness to disturbances d 1 that are bounded by 1 16,or about 15% of sin = 105:07. We simulated (35) with the sinusoidal input nutrient concentration disturbance d(t) = (0:01sin(t);0) and the initial value (s; x1; x2)(0) = (103;2; 1) and obtained Fig. 1 with g/l plotted against time in hours. This illustrates the persistence of (x1;x2)(t) and the convergence (s(t);x 1 (t);x 2 (t)) ! (105;0:05; 0:02), with an overshoot determined by the iISS estimate and the magnitude of d1, and so validates our theorems.
APPENDIX A STABILITY ESTIMATE FROM THEOREM 1
We provide the variant of the standard argument needed to obtain 2 KL from Theorem 1. This will give the desired stability estimate in the transformed error vector (6; 1 ; 2 ). Using formulas (10), (14) 
APPENDIX C DISTURBANCES ONLY ON s in
We prove the assertion from Remark 3 that when the disturbance is only on sin (i.e., d1 6 = 0 and d2 = 0), the disturbance bound in Theorem 2 can instead be taken to be (34). We indicate the changes needed in the proof of Theorem 2. The rest of the proof is exactly as before, because we again have (32).
